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Abstract

Faintly continuous (FC) functions, entitled faintly 6S-continuous and faintly dS-continuous
functions have been introduced and investigated via a 6-open and &-open sets. Several
characterizations and properties of faintly 6S-continuous and faintly &s-Continuous functions
were obtained. In addition, relationships between faintly 6s- Continuous and faintly &S-
continuous function and other forms of FC function were investigated. Also, it is shown that
every faintly 6 S-continuous is weakly 6S-continuous. The Convers is shown to be satisfied
only if the co-domain of the function is almost regular.

Keywords: Faintly 8S-continuous, Faintly §S-continuous, 8s-open, §s-open, Faint continuity.

Introduction

Faint continuity is a property weaker form of
Continuous functions. Throughout this paper, since
the introduction of FC functions by Long and
Herrington?, various weak and strong forms of FC
functions were studied. Many authors defined and
introduced a generalization form of open sets and
weak and strong forms of semi-open sets see in .
The concept FC functions have the attention of many
authors see for example . First, a point x X is called
an 6 -Cluster point of EC X if E non-trivially
intersects the closure of each open set containing x in
X. All 6 -Cluster set points of some set is defined to
be the 6 closure of that set and it’s written as C16 (E).
a subset that contains all its 8 -Cluster points (i.e., E
= Clé (E)), is 6-closed, and its complement is 8 -
open. Equivalently, E is 8-open if it has a closed
neighborhood of each of its points. Another
equivalent definition is that if for all x €E, an open
set O exists with the property that x € O cCI(O)c E.
The collection, T8, of 8 -open subsets in X forms a
topology on X. The intd(E) is the largest 6-open

subset of E. A §-Cluster point xe X of ECX is a point
s.t. for every open set U 3 x its (int (CI(O) m E #0).
The 6-closure of a set E, CIS(E), is the set of all -
Cluster points of that set. A §-closed is one which
equals its &-closure. A §-open set is one whose
complement is §-closed. Equivalently, E is - open
if for all x € E there is a regular-open (r-open) subset
of E containing x. The collection of all §-open
subsets of X is a tropology on X denoted by T4. A
subset E in X is proclaimed semi-open denoted by
(SO) if 3 an open set Q s.t Qc Ec CI (Q)2.

Preliminaries:

The terms (X, 1) and (Y, o) pertain to
topological spaces where there are no underlying
separation axioms. The closure, interior and the
complement of a set E are denoted respectively by ClI
(E), int(E) and A€. A point x € X is called the 6-
Cluster point (respectively §-Cluster point) of the set
E if for every open subset Q of X s.t. x€ Q, ENCI(Q)
#0 (respectively Enint(CI(Q)) #@). The set of all 6-
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Cluster points (respectively §-Cluster points) of a
set, E, is said to be the 6-closure of E denoted by CI&
(E) (respectively 6-closure denoted by CIS(E)). Also
6-closed (respectively §-closed) set is one which
equals its respective closure. A 6 -open set
(respectively §-open) is one whose complement is 6
-closed set (respectively §-closed)®. A set E in a
topological space (X, 1) is 6 -semi-open if 3 a 6 -
open subset Q of X s.t QcEcCI(Q). Equivalently, if
E cCl(intd (E)) *°. A set is 8 -semi closed if its
complementis 8 -semi open. A set E in a topological
space (X, 1) is & -semi-open if 3 § -open set Q of X
s.t Q c E c CI(Q) ™. Equivalently, if E cCI(int5(E)).
A & -semi closed set is one whose complement is &
-semi open, its denote by §s(X) for the collection
consisting of all §-semi open sets in a space X. A
mapping f: (X, 1) — (Y, o) is called faintly
Continuous (FC) (respectively faintly semi-
Continuous (FSC)) if Vv xeX and every &-open

Results and Discussion
Characterization of
semicontinuity:
Definition 1:** f: (X, 1) — (Y, o) is faintly 8-
semi-Continuous (8- S-continuous) if for all
point xeX and every 8 -open set Q of Y, f(x)
€Q, there is an 6 -semi open set O of X, x €0
s.t f(O) is contained in Q.

Theorem 1:

Given a mapping f: (X, 1) — (Y, o), such that
Y is an almost regular space, then the
equivalence of the following statements can be
established:

i.  The mapping f is faintly 6- S-
continuous.

ii. The pre-image f 1 (Q) is a 8 —
semi open subset of X
whenever Q is r-open subset of
Y.

iii. The pre-image f (F) is a 6-
semi closed set of X whenever
Fr-closedisasetin Y.

iv. If E ¢ X then, f (sCl8(E)) cClo
(f(E)).

v. If B c X sClo (f }B)) cf -
Y(Cle (B)).

vi. The pre-image f * (F) is a 6 -
semi closed for all 6 -closed set
FofY.

faintly 0-

subset Q of Y, f(x) €Q, there is an open subset
(respectively semi-open), O, of X, containing x s.t
f(O)cQ. Equivalently, f is FC (respectively FSC) if
the pre-image of each 8-open set is open (semi-open)
set. A regular-open set Q, is one s.t. Q=int (CI(Q)).
Aregular closed (r-closed) is one whose complement
is r-open. Equivalently, F is r-closed set if CI(int(F))
=F. The point xeX is a §-semi-Cluster point of some
set Eif ENO# @ V §-semi open subset O of X, x€ O.
The &-semi closure of a subset E (which denotes
sCIS(E)) is the set consisting of its §-semi-Cluster
points. The family consisting of §-semi open sets
(respectively &-semi closed) will be denoted by
6SO(X, 1) (respectively §SC(X, 1 )). Then, sCI5(E)
= {F: E c F, Fis §-semi closed}. The concept of
6 -semi-closure of some subset E of a space X,
denoted sCIA(E), is the set of all x € X s.t CI(O)NE
# @ for all semi open subset O of X s.t. €O, SCIG(E)
= n{F: ECF, Fis 8 -semi closed'?*3,

vii.  For every 6 -open subset Q of
Y, f 1 (Q) is a 8 -semi open
subset of X.

Proof:

(i = ii) assume that Q is a r-open in Y, in
addition let x € f %(Q), then Q =int(CI(Q)) and
f(x)e Q, openness of Q, implies 6 -the
openness Q in Y [because Y is almost regular]
and by application of part (i) and the definition

1, 3 a 8 -semi open set Ox of X s.t x€Ox and
f(Ox) <Q. Therefore, x €0x cf(f(Ox)) c f
2Q ad 3I a O -open set Wx st
WxcOxcCIl(Wx), since Ox is a 6 -semi open
set. Now, suppose that W=0x €f1(Q) WX. As
Uxer1q CI(Wx) cCI(W) then O=Uxeriq (O
x) =f1(Q) and the proof is concluded.

(it = iii) Suppose that F is r-closed in Y,so
Y\F is r-open in Y. BY (ii), fXY\F) is 0 -
semi open subset of X. Since f ! (Y\F) = f 1
(YM 1 (F), it is then implied that f }(F) is a @
-semi closed subset of X.

(iii = iv) Suppose that x € sCl6 (E) and
suppose that f(x)eCl6 (f(E)). So, 3 an open set
Qo s.t f(x) €Qo and f(E) N CI(Qo) = @. When
taking the r-open set Wy = int (Cl (Qo)). Then
Cl(Wo) = CI (Qo). Thus, f(E) < Y\CI(Wo). BY
part (iii), it got X\f "(Wo) is 6 -semi closed
and EcX\f}(W,). Thus, by the definition of
sClo (E), it got x € X M 1 (Wp) , a
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contradiction with f(x) € Q o < int (Cl (Q o)) =
Wo.

(iv = v) Assume that E = f  (B) c X. Then,
by part (iv) it has f(sCl@ (E)cClé (f(E)). Since
Cloe (f (E) < Clo (B), it follows that sCl@
(E) c f1(Clo (B)).

(v = vi) Assume that a set F is an 8 -Closed
of Y. S0, Fc CI(F) c Clg (F) = F. Taking B =
F in part (v), it got sClo (f }(F)) cf! (F). As f
F) c sClo (f * (F)) and sClo (f }(F) is 6 -
semi closed, it concludes f * (F) is 6 -semi
closed subset of X.

(vi = vii) Let Q be 6H-open subset of Y.
Taking F = Q° in part (vi) it got f 1 (Q° =
(fX(Q))® is @ -semi closed subset of X,then f 1
(Q) is 6 -semi open set of X.

(vii = 1) Suppose that x € X and Q be an 0 -
open subset of Y, which contains f(x). BY part
(vii), if the inverse f 1 (Q) is & -semi open
subset in X,then taking O =f }(Q), it gives x
€0 and f(O)=f(f (Q))c Q, so the map is
faintly 8 -S-continuous in X.

SO can make another definition of a faintly 6 -
S-continuous as can see in the following
theorem:

Theorem 2:

f: X—Y is faintly 6 -S-continuous iff f(B) is
0 -semi open subset in X V 6 -open set B in
Y.

Proof: For the necessity, suppose that B 6 -
open in Y. (to proof) f ~(B) is a 8 -semi open
subset of X.

If xef (B) with f(x)eB, then B is 6-open [by
the fact that f is faintly 6 -S-continuous]. Then
3 a 6 -semi open subset O of X, x €0 s.t f (O)
c B, Then x €Oc f }(B). Therefore, f (B) is
0 -semi open subset of X (since f 1(B) is a
union of 6 -semi open set).

For sufficiency, suppose that x €X and Q Y,
Q is 6 -open subset of Y, then f }(Q) is 6 -
semi open set in X. Suppose that xef *(Q) and
f (Q)= O, Then f(O)= f (f }Q)) = Q, there
exists O= f Q) is 0 -semi open in X s.t
f(O) < Q, which implies that f is faintly 6 -S-
continuous.

In definition 1, If we replace the 6-open set by
the closure of 6-open set we can define the
following definition

Definition 2:

f: X — Y is Called a weakly 6 -S-continuous
if for all xeX and all 8 -open set Q — Y st

f(x ) € Q, there be O € 6 SO(x, X) st f(O) c
CI(Q).

Theorem 3:

Every faintly 6 S-continuous mapping is

weakly 6 S-continuous.

Proof: if x €X and Q is an 8-open subset in Y
with f(x)€Q. By faint 6-S-continuity of f, 3 6
s-open set O, x € O which is contained in Q,
then f(O) < Q cCI(Q), consequently f(O) c
CI(Q) which implies weak 6 S-continuity f.

The converse, however, can only hold if Y is
assumed to be almost regular as shown below.
Definition 3:

A space X is almost regular if whenever F r-
closed subset in X with x ¢F, 3 disjointed
open subsets O and Q of X, st x € O and Fc
Q.

Theorem 4:

If f:(X, 1) — (Y, o) is weakly 6 S-continuous,
with Y being almost regular, then f is faintly 6
S-continuous.

Proof: Let x €X. Assume further that Q is 6 -
open set of Y, f(x) €Q. SO, there exists r-open
set Win Y st f(x) € W c Cl (wc Q. [by
Theorem 1 in']. Since Y is almost regular,
then each r-open set in Y is also 6 -open [by
Theorem 3 in!]. Now, by weak 8 -S-continuity
of f,3 6 s-open set O, x€ O st f (O) < ClI (W)
c Q, = f (O) c Q, consequently, faint 6 -S-
continuity of f is established.

Definition 4:7

Suppose that f: X—Y be a function, the
function g: X—XxY is called a graph function
of f if g is defined by g(x) = (x, f(x)) for each
xeX.

Theorem 5:

Given the graph map of fi X—Y to be is
faintly 8 S-continuous, then so is f.

Proof: Assume that xeX, Q an 6-open subset
of Y, f(x) €Q, = Xx Q is 6-open subset of
XxY [By Theorem 5 in'] containing g(x)= (x,
f(x)). Since the graph map g X —XxY is
faintly 6 S-continuous, there exists Oef
SO(X) containing X s.t g(O) < XxQ, then
f(O)c Q. Hence, faint 6 -S-continuity of f is
established.

Theorem 6:

Supposing f is faintly 6 S-continuous with Y
is almost regular. For all x €X and all 6 -open
set Qin Y st f(x)€ Q,3 0 s-open subset O

of X s.t £ (O) < int (CI(Q)).
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Proof: If x €X with f (x) € Q, where Q is a 6-
open subset in Y, where Y be almost regular,
then there exists r-open subset G in Y s.t f (X)
€ G c Cl (G) c Q cint(Cl (Q)).
[by Theorem 3 in'] so, G is r-open, when Y is
almost regular then G is 6-open [by theorem 3
int], faint 6 S-continuity of f means that it can
find a 6 s-open set O in X s.t. x€O and f(O) c
G cCI(G) cint (CI(Q)). Therefore, f(O) c int
(CI(Q)).
Characterization of
semicontinuitY:
Definition5:
f: X, 1) — (Y, o) is A faintly §- S-continuous
if v xeX and all §-open subset Q of Y that
contains f (x), 3 a &-semi open subset O of X
that contains x s.t f(O) € Q.
Theorem 7:
Given f:(X, 1) — (Y, o), then we can establish
the equivalence of the following:
i.  The map fis faintly §-S-continuous.
ii. The pre-image f * (Q) is a &-semi
open subset of X for all r-open set Q of
Y.
iii. The pre-image f * (F) is a &-semi
closed subset of X for all r-closed
subset F of Y.
iv.  f(sCIS(E)) c CIS(f(E)) VE c X.
v. sCls (f 1 (B) cf ! (Cl5(B) VB cC
Y.
vi. The pre-image f * (F) is a &-semi
closed subset in X V &-closed subset F

faintly 6-

of Y.

vii.  The pre-image f * (Q) is a &-semi
open subset in X V §-open subset Q of
Y.

Proof:

(i= i) for an r-open subset Q of Y suppose
that x €f! (Q), then Q = int (CI(Q)) and f(x) €
Q, then Q is a d-open set of Y and by
application of part (i) and the definition 5, 3 a
&-semi open subset set Ox of X s.t x € Ox and
f(Ox) © Q. Therefore, x € Ox c f 7 (f(Ox)) ©
f 1 (Q) and 3 a §-open set Wx st Wx c Ox C
Cl(Wx), since Ox is d&-semi open. Now,
suppose that W=Uxeriq) Wx. AS  Uxeriw)
Cl(Wx) cCI(W), then O=Uxeriq (Ox) =f
“1(Q) and &-semi openness is established.

(it =iii) Suppose that F is an r-closed subset F
of Y. > Y\F is r-open subset of Y. By part
(i), f T (Y\F) is a &-semi open subset of X.

Since f Y\ F) = f Y\ f ! (F), hence f
(F) is a §-semi closed subset of X.

(ii = iv) Suppose that x € sCIS(E) and
suppose that f(x) «CIS(f(E)). Then, 3 an open
set Qo s.t f(x) € Qo and f(E) n int (CI (Q 0)) =
@. Then, take the r-open set Wy = int (CI(Qo)).
Hence, f(E) ¢ Y\WO0. BY part (iii), it got f *
(Y\Wp) is §-semi closed and Ec f 1 (Y\Wy).
Thus, by the definition of sCIS(E), it got x
ef 1(Y\Wo) a contradiction with
f()s)EQoCiﬂt(C'(Q o)) =W,.

(iv > v) Suppose that E = f! (B) c X. Then,
by part (iv) take f(sCI6(E)) < CIS(f(E)). Since
CIs(f(E)) < ClIs(B), it follows that sCIS(E) <
f1(Cl&5(B)).

(v = vi) Suppose F is a §-closed subset in Y.
This means F cCI(F)cClé(F) = F. Taking B =
F in part (v), and it got sCI&(f "*(F))cf I(F).
As fY(F)csCIs(fi(F)) and sCIs(f Y(F) is 6-
semi closed which concludes f %(F) is a & -
semiclosed subset of X.

(vi = vii) Let Q be an &-open subset of Y.
Taking F = Y\Q ¢ in part (vi) it got f 1(Y\Q )
= f 1 (Y\Q)® is &-semi closed subset of X.
Thus, f 1(Q) is §-semi open subset of X.

(vii =i) Assume that x € X and suppose that
Q is d-open subset of Y, f (x) €Q. By part
(vii), f 1 (Q) is &-semi open subset of X. Then,
taking O = f 1 (Q), it got x € O and f(O) c f (f
1(Q)) c Q. Therefore, faint § -S-continuity of
f is established

Theorem 8: For any function between two
spaces f: X — Y. If the graph function g is
faintly §S-continuous, then so is f.

Proof Let xeX and assume that Q is § -open
set that contains f(x). Then XxQ is & -open
subset of XxY [Theorem5in'], it further
contains gx)= (x, f (x)). Therefore, 3 O
€0s(X) containing X st g(O)c XxQ, which
implies f(O)c Q, and faint § -S-continuity of f
is established.

Theorem 9: If f: X—>Y is faintly & S-
continuous with Y almost regular. Then for all
xeX and &-open subset Q of Y, s.t f(x)€ Q, 3
a 6-open subset O in X, x € O s.t f(O)c int (Cl
(Q)).

Proof. If xeX and Q is a &-open subset in Y
with f(x)€ Q, but Y is almost regular. so 3 r-
open subset G in Y st f(x) €G cCl(G)cint
(CI(Q)*® [Theorem 2.2]. Since f is faintly & S-
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continuous, since G is r-open, then G is &-
open. It follows 3 a &s-open subset O of X,
with x€ O s.t f(O)cGc CI(G) c int (CI (Q)).
Remark 1:

Clearly, any union &s-open sets in (X, t) is J-
open. However, as can be seen in the example
below, the result for intersection is generally
false.

Example 1:

Suppose R2 with the usual topology. Suppose
that E be the set defined by E= {(X, Y) € R
X+Y? <1ju{(cos(a), sin(a)): 0 < a < w2 },
B= {X, Y) eR% X*Y>1} U {(cos(a),
sin(e)): 0 < a < w2 }. A is &-semi open
because D is in E and E is in CI(D), being D=
{X, Y) eR*% X™"2+Y"2 < 1}, D is a &-open
set. Moreover, D is open and regular. B is 6-
semi open because M is in B and B is in Cl
(M), being M= {(X, Y) €R% X"2+Y"2>1}. M
is a § —open set. Moreover, M is open and
regular. However, ENB={(cos(a), sin(a)): 0 <
a < w2 } is not &- semi open because if 3 &-
open set O st O is in ENB and ENB is in
CI(O) ,then O is not empty, it follows there
exists x in O. For that X, 3 an open and regular
set W st x is in W and W is in O. Therefore,
ENB contains a disk that is a contradiction.
Theorem 10: If f is a mapping of X into Y,
and X =X 1 U X2, where X1 and X2 are Js-
open, and flxax and flx» are faintly &S-
continuous, then f is faintly §S-continuous.

Proof. Let xeX and suppose that B is a §-open
subset of Y that contains f(x). If xeX1, then
there exists ds-open Ol subset of X1, s.t f(Ol)
= f]X1(01) c B. Also, if xeX2, then there
exists §s-open O2 subset of X2 st f (02) =
f1X2(02) < B. If xeX1u X2, SO can take
0O=01u 02: thus, O is &s-open (By Remark 1)
and f(O) = f{X1(01) U {]X2(02) c B.
Therefore, f is faintly §S-continuous.

Lemma 1:%

Suppose that G, H < (X, 1). And suppose
further that G € §SO(X) and G € §0O(X), then
the intersection G N H € §SO(H).

Conclusion

In this work, several results on faintly 6 S-
continuous and faintly §-S-continuous were
obtained. Several properties of these kinds of faint
Continuity were considered. Also, the relations
Authors’ Declaration

- Conflicts of Interest: None.

Lemma 2:1

Suppose that GH < (X, 1). And suppose
further that G € §SO(H) and H € §O(X), then
Ge §SO(X).

Theorem 11:

Suppose that f: (X, 1) — (Y, o) is a mapping
with {Qi: i € I} an §s-open cover of X. If the
restriction f]Qi: (Qi, Qi) — (Y, o) is faintly 6§-
S-continuous V i € I, so f is faintly § -S-
continuous.

Proof: If O is an &-open set in (Y, o) (By
Lemma 1). Therefore, f 3(0) =XN f * (O) = U
QiNftOriel}=u {f|Qi) () i€
1}.

But f |Qi is faintly §-S-continuous V iel, (f
|Qi) (O) € 6SO(Qi) V i €l. (By Lemma 2),
for all i € I, (f |Qi) * (O) is §-semi open in X
and as f ! (O) is &-semi open in X. Therefore,
f is faintly 6-S-continuous.

Definition 6:%°

A mapping f: X — Y is An almost &-semi
open if f(Q) c int (CI(f(Q))) V &-semi open
subset Q of X.

Theorem 12:

Given a mapping f: X — Y that is faintly §-S-
continuous and almost &-semi open, then for
all xeX and all 5-open set O CY, s.t f (x)e Q,
3 a &-semi open set QedSO (X) s.t f(Q) c int
(C1(0)).

Proof: Let xeX and suppose that O is an &-
open subset of Y s.t f(x) €0O. By faint § -S-
continuity of f, then there is Qe &So(X) s.t
f(Q) cO.

but f is almost §-semi open, which implies that
f(Q)cint(CI(f(Q)) < int(CI(O)), then f(Q) c
int (CI(O)).

Note: Many authors defined and introduced a
generalization form of semiopen sets and semi
closed sets have many applications see for
example &

between the graph of faintly 6 S-continuous and
faintly §-S-continuous functions were obtained.
Furthermore, the relation between these types of
functions was considered.
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